Let G be a semisimple algebraic group over an algebraically closed field of characteristic p ≥ 0. At the 1966 International Congress of Mathematicians in Moscow, Robert Steinberg conjectured that two elements a, a ′ ∈ G are conjugate in G if and only if f (a) and f (a ′ ) are conjugate in GL(V ) for every rational irreducible representation f : G → GL(V ). Steinberg showed that the conjecture holds if a and a ′ are semisimple, and also proved the conjecture when p = 0. In this paper, we give a counterexample to Steinberg's conjecture. Specifically, we show that when p = 2 and G is simple of type C 5 , there exist two non-conjugate unipotent elements u, u ′ ∈ G such that f (u) and f (u ′ ) are conjugate in GL(V ) for every rational irreducible representation f : G → GL(V ).
Introduction
Let G be a semisimple algebraic group over an algebraically closed field K of characteristic p ≥ 0. At the 1966 International Congress of Mathematicians in Moscow, Steinberg proposed the following conjecture [Ste68, Problem (4)].
Conjecture 1.1 (Steinberg) . Two elements a and a ′ of G are conjugate in G if and only if f (a) and f (a ′ ) are conjugate in GL(V ) for every rational irreducible representation f : G → GL(V ).
One motivation for the conjecture, observed by Steinberg in [Ste68] , is that a positive answer to the conjecture would imply that G has only a finite number of unipotent conjugacy classes. When Steinberg posed Conjecture 1.1, the finiteness of the number of unipotent conjugacy classes was known in good characteristic [Ric67, Proposition 5.2], and it was eventually shown to be true in general by Lusztig [Lus76] . Lusztig's proof, based on the theory of Deligne-Lusztig characters of finite groups of Lie type, still remains the only known uniform proof of the result in characteristic p > 0.
The main purpose of this paper is to provide a counterexample to Conjecture 1.1. Specifically, our main result is the following, which is given by Theorem 6.1: Theorem 1.2. Let p = 2 and let G be simple of type C 5 . Then there exist two non-conjugate unipotent elements of u, u ′ ∈ G such that f (u) and f (u ′ ) are conjugate in GL(V ) for every rational irreducible representation f : G → GL(V ).
We will also show that in the case of unipotent elements, our counterexample is minimal in the sense that up to isogenies, there are no other examples for simple groups of rank at most 5 (Theorem 6.4).
In general Conjecture 1.1 remains open, and more work is needed to see when exactly it does hold. Steinberg proved Conjecture 1.1 in the case where a and a ′ are both semisimple [Ste65, 6 .6], and also in the case where p = 0 [Ste78, Theorem 3]. Currently it is not known whether the conjecture holds in the case where p is a good prime for G, and the following related conjecture also remains open. Obviously a counterexample to Conjecture 1.3 would also give a counterexample to Conjecture 1.1. However, since rational representations of G are usually not completely reducible, it does not seem clear that the converse is true. Indeed, we do not know whether our counterexample to Conjecture 1.1 gives a counterexample to Conjecture 1.3 -see Remark 6.2.
The work done in this paper is strongly based on calculations implemented in MAGMA [BCP97] , and we discuss the computational aspects in Section 4. Some computations similar to ours have also been done in previous work of Lawther [Law95] , who considered exceptional G and the action of unipotent elements of G on the adjoint and minimal modules of G.
Notation
We fix the following notation and terminology. Throughout the text, let K be an algebraically closed field of characteristic p > 0. All the groups that we consider are linear algebraic groups over K, and G will always denote a simple linear algebraic group over K. We say that p is good for G, if G is simple of type A l ; if G is simple of type B l , C l , or D l , and p > 2; if G is simple of type G 2 , F 4 , E 6 , or E 7 , and p > 3; or if G is simple of type E 8 and p > 5. Otherwise we say that the prime p is bad for G.
For the unipotent conjugacy classes in G, we will use the labeling given by the Bala-Carter classification of unipotent conjugacy classes [BC76a, BC76b] , which is valid in good characteristic by Pommerening's theorem [Pom77, Pom80] . When G is simple of exceptional type and p is bad for G, the labeling is extended to bad characteristic as well, although there are more unipotent classes and we label them as in [Law95] . See for example [Law95, for further explanation.
We fix a maximal torus T of G with character group X(T ). Fix a base ∆ = {α 1 , . . . , α l } for the root system of G, where l is the rank of G. Here we use the standard Bourbaki labeling of the simple roots α i , as given in [Hum72, 11.4, p. 58] . We denote the dominant weights with respect to ∆ by X(T ) + , and the fundamental dominant weight corresponding to α i is denoted by ̟ i . For a dominant weight λ ∈ X(T )
The longest element in the Weyl group of G is denoted by w 0 . We set the usual partial ordering on X(T ), i.e. for µ, λ ∈ X(T ) we have µ λ if and only if λ = µ, or λ − µ is a sum of positive roots.
We use the notation L G (λ) for the irreducible G-module with highest weight λ ∈ X(T ) + , and denote by V G (λ) the Weyl module of highest weight λ ∈ X(T )
, we say that V has a Weyl filtration. We say that V admits a good filtration if the dual module V * admits a Weyl filtration, and we say that V is tilting if both V and V * admit a Weyl filtration. For a dominant weight λ ∈ X(T ) + , we denote by T G (λ) the indecomposable tilting module of highest weight λ, which exists and is unique up to isomorphism by a result due to Ringel and
Throughout, V will denote a finite-dimensional vector space over K. Let u ∈ GL(V ) be a unipotent linear map. It will often be convenient for us to describe the action of u on a representation in terms of K[u]-modules. Suppose that u has order q = p t . Then there exist exactly q indecomposable K[u]-modules which we will denote by J 1 , J 2 , . . ., J q . Here dim J i = i and u acts on J i as a full Jordan block. We use the notation r · J n for the direct sum J n ⊕· · ·⊕J n , where J n occurs r times. For the Jordan form of u acting on V we will often use the notation (d
A bilinear form β on V is non-degenerate, if its radical rad β = {v ∈ V : β(v, w) = 0 for all w ∈ V } is zero. For a quadratic form Q : V → K on a vector space V , its polarization is the bilinear form β Q defined by β Q (v, w) = Q(v + w) − Q(v) − Q(w) for all v, w ∈ V . We say that Q is non-degenerate, if its radical rad Q = {v ∈ rad β Q : Q(v) = 0} is zero.
Let V be a G-module with associated representation f : G → GL(V ).
We say that two elements g, g ′ ∈ G act similarly on V if f (g) and f (g ′ ) are conjugate in GL(V ). If f (g) and f (g ′ ) are not conjugate in GL(V ), we say that f (or V ) separates the conjugacy classes of g and g ′ .
Preliminaries
In this section, we record some basic obversations in relation to Conjecture 1.1. Assume that a and a
Suppose for the sake of contradiction that a and a ′ do not act similarly on T G (λ) for some λ ∈ X(T ) + , and assume that λ is a minimal counterexample with respect to ≤.
Write λ = ̟ i +µ for some 1 ≤ i ≤ l and non-zero µ ∈ X(T )
+
. We consider the tensor product T G (̟ i ) ⊗ T G (µ), which is a tilting module by a theorem due to Donkin and Mathieu [Mat90] . Since all the weights of T G (̟ i ) ⊗ T G (µ) are λ and the weight λ occurs with multiplicity one, we have
for some integers n(ν) ≥ 0. Now ̟ i < λ and µ < λ, so by minimality of λ the elements a and a ′ act similarly on T G (̟ i ) and T G (µ), hence they act similarly on the tensor product T G (̟ i ) ⊗ T G (µ). Furthermore, since ν ≺ λ implies ν ≤ λ, the elements a and a ′ act similarly on T G (ν) for all ν ≺ λ. But then a and a ′ must also act similarly on T G (λ), contradiction.
Proof. By Lemma 3.1, it will suffice to show that a and a ′ act similarly on T G (̟ i ) for all 1 ≤ i ≤ l. We show this by induction on i. For i = 1 there is nothing to do since
Then note that the dominant weights µ ̟ i are precisely the µ = ̟ j with 0 ≤ j ≤ i and i ≡ j mod 2. By [Don94, Appendix A], the exterior power ∧ i (V ) is a tilting module with highest weight ̟ i , so it follows that
for some integers n j ≥ 0. By assumption a and a ′ act similarly on ∧ i (V ), and by induction they act similarly on T G (̟ j ) for 0 ≤ j < i. Thus by the isomorphism above we conclude that a and a ′ act similarly on T G (̟ i ).
Note that Lemma 3.2 is only really useful in characteristic p = 2, since in characteristic p > 2 two elements of Sp(V ) are conjugate if and only if they are conjugate in GL(V ), see [Ger61, Proposition 2 of Chapter II].
Proof. Without loss of generality, we can assume that u is contained in the finite subgroup [Hum87, §3] . Then the restriction to the subgroup H = u is also projective [Alp86, Theorem 6, p. 33]. Since J p k is the only projective indecomposable KH-module, the claim follows.
Lemma 3.4. Assume that p = 2 and let G be simple of type
Proof. Without loss of generality we can assume that G = Sp(V, β), where V is a vector space of dimension 2l and β is a non-degenerate alternating bilinear form on V . It follows from [Dye79, Theorem 5] that u is contained in H = O(V, Q) for some non-degenerate quadratic form Q which polarizes to β. Then we have u 
. Thus u cannot act on L G (λ) with any Jordan blocks of size < 2
On computations
When studying Conjecture 1.1, one has to consider the following problem.
Problem 4.1. Let λ ∈ X(T ) + be a dominant weight and g ∈ G. What is the Jordan normal form of g acting on L G (λ)?
Currently there is no general answer to Problem 4.1. One basic obstacle here is that even determining the dimensions of the irreducible representations of G is a difficult open problem that is expected to remain open for some time, so in general we cannot even expect an answer in the case where g = 1. However, given a specific G, element g ∈ G, and highest weight λ, one can use computational methods to construct the matrix of g acting on L G (λ) with respect to some basis; standard algorithms then allow one to find the Jordan normal form of this matrix. We have used MAGMA for the computer calculations done in this paper, the purpose of this section is to outline the methods used.
Throughout this section we will assume that λ is p-restricted, since with Steinberg's tensor product theorem [Ste63, Theorem 6.1] any computation can be reduced to this case. Furthermore, we will assume that g is unipotent since all of the computations in this paper are given in this case; similar computations are possible in the general case as well. Note that in the unipotent case the question is what are the Jordan block sizes and their multiplicities for g acting on L G (λ).
Chevalley construction
We first describe a general method, where the idea is to follow the construction of Chevalley groups from complex semisimple Lie algebras, as in [Ste16] . To begin with, we have algorithms to construct the irreducible representation of highest weight λ for the corresponding Lie algebra in characteristic zero [dG01] . Then by exponentiation and reduction modulo p, one can construct
. This construction of V G (λ) has been implemented in MAGMA, and it allows one to find the action of each root element x α (c) with respect to a fixed basis of weight vectors in V G (λ). Given V G (λ) in this manner, one can implement methods to construct L G (λ) as the unique simple quotient of V G (λ), or equivalently as the unique simple submodule of
Finally, one can find a representative for the conjugacy class of g in G as a product of root elements of the form x α (±1) and thus compute the matrix of g acting on L G (λ). When G is simple of exceptional type, explicit representatives for the unipotent conjugacy classes in terms of root elements were first given in [Cha68] , [Eno70] , [Sho74] , [Shi74] , [Miz77] , and [Miz80] . For computations, we have used representatives from the tables in [Sim13] , which are based on [LS12] and some computations due to Ross Lawther. For G simple of classical type, representatives in terms of root elements of the form x α (±1) are well known, but do not seem to appear explicitly in the literature. For p = 2, see [Sup09, Lemma 2.24, Proof of Lemma 2.39] for one method of finding representatives. With similar ideas, explicit representatives can be constructed in characteristic p = 2 as well, but we shall omit the details from this paper.
Computing with finite groups of Lie type
The computation based on the Chevalley construction works in general, but it requires the computation of a representation in characteristic zero, which in our setting can be slow and comes with a high memory cost for largedimensional representations. For our purposes, it is sometimes better to start in positive characteristic p > 0 in the first place. Many of our computations have been done with the corresponding finite group of Lie type G(p) := G(F p ) in small characteristic (usually p = 2), and in this case matrix computations and the "Meataxe" algorithm are especially efficient [Par84] [HR94] [Hol98] [IL00]. Note that since g is unipotent, by replacing g with a conjugate, we may assume that g is contained in the finite group G(p). This is well known, and follows for example from the fact mentioned above that the conjugacy class of g in G has a representative which is a product of root elements of the form x α (±1).
Also useful for us is the result of Steinberg [Ste62] that G(p) can always be generated by two elements. This speeds up the computations and reduces the amount of memory needed compared to the Chevalley construction, where computations involving many root elements are needed. Explicit matrices corresponding to the generators provided by Steinberg are given in [Tay87] , [RT98] , [HRT01] , and have been implemented in MAGMA. This gives us G(p) = A, B for explicit matrices A and B acting on an F p [G(p)]-module W . For classical types W is the natural module, while for exceptional types W corresponds to the non-trivial Weyl module of minimal dimension.
We now describe how the action of g on L G (λ) is computed. First, by another result due to Steinberg, every irreducible KG-module with p-restricted highest weight λ is defined over F p and every irreducible
]-module V , so it will suffice to compute the matrix of g acting on V with respect to some basis.
Before computing V , as a preliminary step one should find a representative for the conjugacy class of g in G as a relatively short word in the generators A and B. Then once we have computed matrices representing the action of A and B on V , it will be efficient to find the Jordan normal form of g acting on V . For our computations, a simple random search among words in A and B has been sufficient. For each randomly chosen word
we test for conjugacy with g by first checking if w is unipotent with same order as g. Then if w is unipotent, we can usually recognize the unipotent conjugacy class of w in G from its Jordan normal form on W , although in small characteristic some additional information is needed. For classical groups in characteristic p = 2, we need to use the corresponding alternating or quadratic form on the natural module, see [Hes79] . For G simple of exceptional type, we have used [Law09, Section 3] to distinguish between the unipotent conjugacy classes. As an example, we have used this method in the case where G is of type E 8 and p = 2 to find representatives for all unipotent conjugacy classes of G as words in the generators A and B of E 8 (2). For the construction of V , in the cases that we consider, we are able to construct V as the unique composition factor of its dimension within certain modules involving tensor products and exterior powers of W . There are methods in the MAGMA library for computation of exterior powers and tensor products of F p [G(p)]-modules, and also an implementation of the Meataxe algorithm which allows one to compute the composition factors of a given F p [G(p)]-module. Finding V as the unique composition factor of its dimension is justified by calculations with characters of KG-modules, and the dimensions and weight multiplicities of relevant F p [G(p)]-modules found in [Lüb17] .
Simple groups of exceptional type
In this section, we consider Conjecture 1.1 in the case where G is simple of exceptional type and a, a ′ ∈ G are unipotent elements. In this setting, in good characteristic Conjecture 1.1 is seen to hold from computations of Lawther in [Law95] . With further computations, using the methods described in Section 4, we can extend this to bad characteristic. We find that the only potential counterexamples to Conjecture 1.1 in the unipotent case occur when p = 2 and G is simple of type E 7 or E 8 .
Theorem 5.1. Let G be simple of exceptional type and let u, u ′ ∈ G be unipotent elements. Suppose that f (u) and f (u ′ ) are conjugate in GL(V ) for every rational irreducible representation f : G → GL(V ). Then either u and u ′ are conjugate in G, or one of the following holds:
(i) G is simple of type E 7 , p = 2, and the unipotent conjugacy classes of u and u ′ are A 5 A 1 and D 6 (a 2 ).
(ii) G is simple of type E 8 , p = 2, and the unipotent conjugacy classes of u and u ′ are one of the following:
• A 5 A 1 and D 6 (a 2 ),
• E 7 (a 3 ) and D 7 (a 1 ) 2 ,
• E 6 A 1 and E 7 (a 2 ),
• E 7 (a 1 ) and E 8 (b 4 ).
Proof. To prove the theorem, without loss of generality we can assume that G is simple of adjoint type. Consider the irreducible representation L G (β) with highest weight the highest short root β. Then except for the pairs of classes listed in Table 8 .2, the representation L G (β) separates the unipotent conjugacy classes of G. Indeed, when V G (β) ∼ = L G (β), this follows from the computations in [Law95] . If V G (β) is not irreducible, then it is well known that (G, p) is (G 2 , 2), (F 4 , 3), (E 6 , 3), or (E 7 , 2); for these cases we refer to the tables in the Appendix. What remains then is to consider the pairs of classes listed in Table 8 .2. Except for the pairs listed in (i) and (ii), we find that the following irreducible representations separate the pairs of classes in Table 8 .2: for type G 2 , the representation L G (̟ 2 ); for type F 4 , the representation L G (̟ 1 ); for type E 6 , the representation L G (̟ 1 + ̟ 6 ); for type E 7 , the representation L G (̟ 6 ); for type E 8 , the representation L G (̟ 7 ). This is seen from the tables in the Appendix, and in the case where G is simple of type F 4 and p = 3, from [Law95, Table 4 ].
Remark 5.2. We do not know whether the pairs listed in Theorem 5.1 give counterexamples to Conjecture 1.1. However, given the counterexample described in Section 6, it would not be surprising if at least some of these pairs provide further counterexamples. This is further illustrated by our computer calculations, which we have used to verify that for G = E 7 and p = 2, unipotent elements in classes A 5 A 1 and D 6 (a 2 ) act similarly on L G (̟ i ) for i = 4. We have also verified that for G = E 8 and p = 2, the pairs of unipotent classes in Theorem 5.1 act similarly on L G (̟ 1 ).
Counterexample
In this section, we give a counterexample to Conjecture 1.1. Let K be an algebraically closed field of characteristic p = 2. Set V = K 
We consider
Note that G is a simple linear algebraic group and simply connected of type C 5 . Our counterexample is given by two non-conjugate unipotent elements of G, so we will have to first make some remarks about unipotent conjugacy classes in G.
The unipotent conjugacy classes of the symplectic group in characteristic 2 were described by Hesselink in [Hes79] . Let u ∈ G be a unipotent element of G and set X = u−1. The results of Hesselink [Hes79, Theorem 3.8, Section 3.9] show that the conjugacy class of u in G is uniquely determined by the symbol
, where 1 ≤ d 1 < · · · < d t are the Jordan block sizes of u on V , with block size d i having multiplicity n i , and
Our counterexample is given by the pair of unipotent classes of G corresponding to the symbols (2 2 1 , 6 3 ) and (2 2 0 , 6 3 ), and we will demonstrate that unipotent elements in these two conjugacy classes act similarly on every rational irreducible KG-module L G (λ).
Before proving this, we give representatives for these two unipotent conjugacy classes in Sp 10 (2). The generators of Sp 10 (2) < G from [Tay87] are given by Sp 10 (2) = A, B , where 
With a computer search, we have found that the elements
lie in the unipotent conjugacy classes of G associated with the symbols (2 2 1 , 6 3 ) and (2 2 0 , 6 3 ), respectively. We now give our main result. Theorem 6.1. Let G and u, u ′ ∈ G be as above. Then u and u ′ are not conjugate in G, but f (u) and f (u ′ ) are conjugate in GL(V ) for every rational irreducible representation f : G → GL(V ).
Proof. By Steinberg's tensor product theorem [Ste63, Theorem 6.1], it is clear that it will be enough to prove that u and u ′ act similarly on L G (λ) for all 2-restricted λ ∈ X(T ) + . Furthermore, it follows from [Ste63, Theorem 11.1] that when G is simple of type C l , we have
for all a i ∈ {0, 1}. Consequently, it will be enough to check that u and u ′ act similarly on L G (̟ 5 ) and L G (a 1 ̟ 1 + a 2 ̟ 2 + a 3 ̟ 3 + a 4 ̟ 4 ) for all a i ∈ {0, 1}. In most cases, we do this by a computer calculation (see Section 4.2), and we have given the Jordan block sizes of u and u ′ acting on these irreducible KGmodules in Table 8 .1. There are also alternative approaches in some cases, which we explain in Remark 6.3 below.
First note that the fact that u and u ′ act on L G (̟ 1 + ̟ 2 + ̟ 3 + ̟ 4 ) with all Jordan blocks of size 8 follows from Lemma 3.2. For the rest of the cases, we have computed the Jordan block sizes of u and u ′ on L G (λ) by computing their Jordan block sizes on the corresponding irreducible F 2 [Sp 10 (2)]-module, which we also denote here by L G (λ) for clarity.
On the natural module V ∼ = L G (̟ 1 ) both u and u ′ act with Jordan blocks (2 2 , 6). For 2 ≤ i ≤ 5, the exterior power ∧ i (V ) has highest weight ̟ i and the weight ̟ i occurs with multiplicity 1. With a computation in MAGMA, we find L G (̟ i ) as the unique composition factor of its dimension in ∧ i (V ). Here we use the list of dimensions of irreducible KG-modules with 2-restricted highest weight provided by Frank Lübeck in [Lüb17] , these dimensions are also listed in Table 8 .1 for convenience. By "finding L G (̟ i )", we mean that we find matrices representing the action of the generators A and B of Sp 10 (K) on L G (̟ i ), which then allows us to compute the corresponding matrices for u and u ′ and their Jordan normal forms. In this manner, one can verify that u and u ′ act on L G (̟ i ) with Jordan blocks as given in Table 8 .1. For 1 ≤ i < j ≤ 4, we compute L G (̟ i + ̟ j ) as the unique composition factor of its dimension in the tensor product of L G (̟ i ) and L G (̟ j ), this is again justified by the character of the tensor product and the list of dimensions. Finally, in a similar manner L G (̟ i + ̟ j + ̟ k ) for 1 ≤ i < j < k ≤ 4 is found as the unique composition factor of its dimension in the tensor product of L G (̟ i ) and L G (̟ j + ̟ k ). This is computationally more demanding for L G (ω 2 +ω 3 +ω 4 ), but this case can be treated differently, see Remark 6.3.
Remark 6.2. We do not know whether our example gives a counterexample to Conjecture 1.3, and it does not seem obvious that this should be the case. Indeed, given a rational KG-module Z which is not semisimple, the amount of information given by the action of a unipotent element on the composition factors of Z seems to be rather limited. Thus it is not clear how to move from the irreducible case to the general case.
However, it would be interesting to know whether the example described in this section gives a counterexample to Conjecture 1.3 -especially if the answer is yes, since a proof of this would probably give more insight into why our counterexample works. A positive answer would also show that counterexamples to Conjecture 1.3 could be found, when p = 2, in any simple algebraic group containing a group of type C 5 or B 5 .
We note here that one can find non-irreducible K[Sp 10 (2)]-modules Z where elements in the unipotent classes associated with the symbols (2 2 1 , 6 3 ) and (2 2 0 , 6 3 ) act with different Jordan block sizes. For example, several such Z can be found as a submodule of V ⊗ V ⊗ V , where V is the natural module as above. However, it turns out in this case that Z is not a K[Sp 10 (4)]-module, so in particular Z is not a K[Sp 10 (K)]-module.
Remark 6.3. There are also different ways to deduce that u and u ′ act similarly on L G (λ) for some of the λ ∈ X(T )
, and this equality can be checked with the dimensions of L G (λ) provided in [Lüb17] and the dimension formula for the Weyl module V G (λ), which has been implemented in MAGMA. We have marked the cases where L G (λ) is tilting in Table 8 .1 with a star (*).
A way to see that u and u : by a computation we find that they act on L G (̟ 2 ) with Jordan block sizes (2 3 , 4 5 ) and (1 4 , 2, 4 5 ), respectively. With further computations and arguments, we have found the somewhat curious fact that here for any 2-restricted weight λ ∈ X(T ) + other than ̟ 2 , the unipotent elements u and u ′ act similarly on L G (λ).
With further computations, using the method from Section 4.1, we can verify that in the case of unipotent elements, the counterexample to Conjecture 1.1 given by Theorem 6.1 is essentially the only one for simple G of rank at most 5. More precisely, we have the following result. Proof. Without loss of generality we can assume that G is simple of adjoint type. Our proof consists mostly of a computation with MAGMA (see Section 4.1) for all possible types of G. For the exceptional types that we need to consider (type G 2 and type F 4 ) the claim already follows from Theorem 5.1, so what remains is to consider the classical types.
In the case where G is simple of type A l with 1 ≤ l ≤ 5, by a computation one can verify that except for one pair in the case where l = 3 and p = 2, all pairs of unipotent conjugacy classes are separated by
. The pair of unipotent conjugacy classes in the case where l = 3 and p = 2 is separated by L G (4̟ 1 ) .
Suppose that G is simple of type B l with 3 ≤ l ≤ 5. When p > 2, the unipotent conjugacy classes are separated by the natural representation is simple of type C l , so the result will follow from the type C l case which we treat next.
Let G be simple of type C l with 2 ≤ l ≤ 5. When p > 2, with a computation one can verify that all pairs of unipotent conjugacy classes are separated by L G (̟ 2 ) or L G (2̟ 1 ). For p = 2, one computes that except for the pair of classes corresponding to (ii) in the theorem, all pairs of conjugacy classes are separated by some
Finally for G simple of type D l with 4 ≤ l ≤ 5, every pair of unipotent conjugacy classes is separated by L G (2̟ 1 ), L G (̟ 2 ) , or L G (2̟ 3 ); except for one pair which occurs in the case where p = 2 and l = 5. This pair of unipotent conjugacy classes is separated by L G (4̟ 4 ).
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